The presence of a whistler wave instability (WWI) excited by runaway electrons may be the reason for the observation that the number of runaway electrons produced during disruptions in large tokamaks depends sensitively on the magnetic field strength. Previous work has shown that the linear growth rates of these waves are such that they are stable for high magnetic field (so the runaway beam can form) but unstable for low magnetic field. Here, it is shown that the quasi-linear diffusion process due to the WWI represents a very efficient pitchangle scattering mechanism for runaways and consequently may stop runaway beam formation in large tokamak disruptions.
Introduction
In a tokamak disruption a beam of highly relativistic runaway electrons (with energy of the order of 20 MeV) is sometimes generated, and this may have serious consequences in reactor-scale tokamaks. In present tokamak experiments it has been observed that the number of runaway electrons generated depends on the magnetic field strength. In particular, several tokamaks have reported that no runaway generation occurs unless the magnetic field exceeds 2.2 T [1, 2] . A possible explanation of this observation is that the runaway beam excites whistler waves that scatter the electrons in velocity space and, in this way, prevents the beam from growing further. Recent work [3] showed that the linear growth rates of these waves are such that they are stable for high magnetic field (so the runaway beam can form) but unstable for low magnetic field. Whistler waves may be driven unstable by relativistic electrons also in space plasmas, see for instance [4, 5] , but the electron distribution in these plasmas is different from the runaway distribution generated in tokamak disruptions.
The runaway beam has a strongly anisotropic velocity distribution in the beginning of the wave-particle interaction. This anisotropy provides a free-energy source that drives the whistler waves unstable. The frequency of these unstable waves has been shown to be well below the non-relativistic electron cyclotron frequency ω ce but above the ion cyclotron frequency ω ci . According to previous numerical studies [3] , the most important resonant interaction occurs when ω − k v = −ω ce /γ (anomalous Doppler resonance), where ω is the wave frequency, k and v are the wave number and particle velocity parallel to the magnetic field, respectively, and γ is the relativistic factor. When the degree of anisotropy exceeds a critical level, unstable waves are excited at the anomalous Doppler resonance. The quasi-linear evolution of this instability is such that it leads to scattering of the electrons, so the degree of anisotropy is decreased. The aim of this work is to determine what role this instability will play in the runaway dynamics, and if it can isotropize the runaway distribution so that detrimental effects of a narrow relativistic runaway electron beam can be avoided.
The effect of high-frequency instabilities on runaway electron beams has been considered previously in the framework of quasi-linear theory [6] [7] [8] , using different simple models for the initial runaway distribution function. These runaway distributions are not applicable to describe the situation in large tokamak disruptions, where the principal source of runaways is believed to be the secondary avalanche process [9] . In this work, we study the evolution of the runaway distribution affected by the quasi-linear diffusion process associated with the whistler wave instability (WWI), by assuming the initial runaway distribution to be a secondary relativistic runaway distribution [10] . Our study indicates that the wave-particle interaction leads to a broadening of the runaway distribution in the perpendicular direction accompanied by a reduction of the runaway velocity distribution gradients, so that the instability growth rate is reduced. We will show that the considered quasi-linear diffusion process due to the WWI represents a very rapid pitch-angle scattering mechanism for runaways and may stop the runaway beam formation in large tokamak disruptions.
The structure of the paper is the following: in section 2 the linear stability threshold of the whistler waves driven by relativistic runaway electrons as well as the most unstable wave frequency and wave number are given, based on the analysis in [3] . In section 3 the quasi-linear equations that determine the evolution of the runaway beam in the presence of the WWI are presented. In section 4 an approximate diffusion solution for the distribution function is constructed and used to describe the reduction of the instability growth rate as the beam becomes more isotropic. In section 5 the results of the numerical simulations of the whistler wave induced isotropization are described. Finally, the results are discussed and the conclusions are summarized in section 6.
Excitation of the WWI
The dispersion relation for the fast wave is
where k is the wavenumber, k is the wavenumber parallel to the magnetic field and = 1 + χ is the dielectric tensor with contributions from cold background ions, background electrons and runaway electrons [11] . For the frequency range ω ci ω ω ce , the background ion and electron contributions to χ are 
where ω pi and ω pe are the ion and electron plasma frequencies and k ⊥ is the component of the wave vector perpendicular to the magnetic field. Assuming waves with frequencies
ω ci ω ce , the dispersion relation can be further simplified to obtain the usual relation for the whistler wave ω = kk v 2 A /ω ci . The initial runaway electron distribution, before the wave-particle interaction, is determined from the kinetic equation with the boundary condition that satisfies the avalanche growth rate of the runaway density dn r /dt = n r (E − 1)/(c Z τ c ) [10] , giving
where E = e|E |τ c /m e0 c is the normalized parallel electric field, assumed to be constant in time, c is the speed of light, m e0 is the electron rest mass, τ c = 4π 2 0 m 2 e0 c 3 /n e e 4 ln is the collision time for relativistic electrons, n e is the background electron density, c Z = √ 3(Z + 5)/π ln , Z is the effective ion charge and n r0 is the seed produced by primary generation. For E 1, this initial distribution function of the ultrarelativistic tail of runaway electrons is
where p = γ v/c is the normalized relativistic momentum of the runaway electrons and α = (E − 1)/(Z + 1). Previous work [3] showed that the runaway distribution (6) drives the whistler waves unstable via the anomalous Doppler resonance. The corresponding linear growth rate is
with
where J n is the Bessel function of the first kind and of order n, with the argument
is the normalized runaway distribution function and
The dominant damping process is the electron-ion collisional damping, with γ d 1.5τ
ei [12] , where
4 ln is the electron-ion collision time. The linear stability analysis in [3] has shown that the frequency and wave number of the most unstable wave is k 0 v A /ω pi = 1/2, k 0 c = 2ω ce /c Z and ω 0 = ω ce /c Z . The linear instability threshold for the most unstable wave has been obtained to be
where T eV is the background plasma temperature in eV, B T is the magnetic field in tesla and n r /n e is the fraction of the runaways.
Quasi-linear development of the WWI
The dynamics of the resonant interaction between the electrons and waves can be described by quasi-linear theory if the following conditions are satisfied: (i) the waves should be incoherent and have a sufficiently dense spectrum, in order to avoid particle trapping, (ii) the wave amplitudes should be small enough to affect the zero-order particle orbits and distribution functions to an extent negligible for the linear theory and (iii) damping and growth rates of the waves should be small with respect to their real frequencies. All these conditions can be shown to be satisfied in the present problem. As shown in figure 3 of [3] , the unstable wave spectrum is broad. The wave spectral energies as a function of wave number shown in the lower parts of all the figures presented in this paper also illustrate that the excited waves have a broad spectrum. Although the wave number spectrum in a torus is discrete, the influence of the discreteness is small since the toroidal and poloidal mode numbers corresponding to the wave numbers of interest are high, and in the following analysis the discreteness is neglected.
The wave amplitudes and the growth rates are expected to be small, since as we will show, the waves are close to marginal instability. The distribution function of the particles in the quasi-linear description is given by a diffusion equation in phase space, and the rate of growth of wave energy is equal to the linear growth rate. The quasi-linear evolution of the relativistic runaway distribution is [11] 
where
and E kx , E ky , E kz are the Fourier transforms in space of the components of the electric field. Using the polarization for the whistler wave (e x , e y , e z )
The WWI is driven by the anisotropy of the runaway distribution via the anomalous Doppler resonance n = −1. For z 1 the Bessel function can be expanded as
Then the quasi-linear equation (11) becomes
Assuming now that k v ⊥ ∂f/∂p ∂f/∂p ⊥ , equation (14) simplifies to a diffusion equation
is the spectral energy of the wave. The assumption k v ⊥ ∂f/∂p ∂f/∂p ⊥ is valid when zk /k ⊥ p /p ⊥ and is well satisfied due to the ordering z 1. Furthermore, for the most unstable wave we have k /k ⊥ 1, which makes the validity of the assumption even stronger.
Since the runaway beam is localized radially, the wave will eventually propagate out from the resonance region and become dissipated. To take into account the wave convection we add the term v g ∂W k /∂r to the equation that determines the variation of the spectral energy of the wave:
where γ l is the linear growth rate (including collisional damping) and the perpendicular group velocity of the wave is v g = ∂ω/∂k ⊥ . If L r denotes the effective beam radius, the convection will give an additional damping term γ v ≡ (∂ω/∂k ⊥ )/(4L r ), and so the time variation of the spectral energy of the wave has the time variation determined by the differential equation:
where the net growth rate is
and the damping due to wave convection is taken into account through γ v . The initial condition for differential equation (18) is taken to be W k0 = W k (t = 0) = eT e /2, which is the thermal fluctuation level.
Approximate diffusion solution
Assuming γ p and introducing all terms containing p in (15) into the diffusion operator
we obtain a diffusion equation for f in whichD(p , t) is independent of p ⊥ . Introducing a dimensionless time-variable
the diffusion equation (15) takes the form ∂f ∂τ
which with the initial condition (6) has the solution
where φ(p , t) = 2ατ (p , t) + p . Equation (23) indicates that the pitch-angle scattering increases the isotropy of the runaway beam with time at the resonant p = ω ce /(k c − ω) parallel velocities. Using (23) and assuming α k c/ω ce and k k ⊥ , the instability growth rate (19) becomes
As a result of the wave-particle interaction, the particle distribution becomes more isotropic and that in turn affects the growth rate which decreases in time. Note that the characteristic times for the linear and quasi-linear evolution of the instability are much shorter than the runaway avalanche growth time.
Numerical solution of the quasi-linear equations
When the number of runaway electrons reaches a critical value, the whistler wave destabilizes. In the linear growth-phase the wave does not have much effect on the runaway electron distribution function; the wave needs some time to grow to sufficient strength. Meanwhile, the number of runaway electrons continues to increase, and the growth rate increases. A similar delay of the changes to the wave energy occurs in the stabilization phase resulting in a complex temporal behavior, which cannot be reproduced by analytical calculations. Therefore, a numerical model has been constructed for a more exact study of this non linear system of equations.
Numerical model
In the numerical model, we have implemented the diffusion approximation presented in section 4. In the γ p approximation, quasi-linear diffusion only acts in the p ⊥ direction (22), whereas the τ (p , t) time scale only depends on the resonant p solely determined by the (k, k ) wave number of the destabilized wave component. For a given p this simplifies the integration in k space in (20) to an integration along a line determined by the resonance condition. Using the whistler wave dispersion relation for k
A /ω ci , for a given p the equation of the line of integration takes the form:
and the integral over k ⊥ can be calculated in the diffusion operator (20). Substituting the dispersion relation and using k k ⊥ , we arrive to the form
where for k min < k < k max the spectral energy is larger than the thermal fluctuation energy 
where the growth rate γ k (k , t i−1 ) is calculated by the analytical formula (24) and t i is the time step. Numerical integration of the diffusion coefficientD(p , t i ) is then performed by the Romberg method. The numerical parameter τ (p , t i ) determining the shape of the distribution function is calculated by numerical integration in time. The distribution function is then calculated from (23).
As there is no numerical integration in p or p ⊥ , the momentum space grid of the runaway distribution function f (p , p ⊥ , t) can be selected arbitrarily. However, the time step has to be small enough to resolve the temporal changes in the diffusion coefficient (26).
For the initialization of the numerical calculations the most unstable p is found by calculating numerically where and when the corresponding wave destabilizes at the most unstable k value. In the initial phase of the instability, ζ 1 so that I 1 (ζ )e −ζ /ζ 1/2 and the convection term γ v may be neglected and this can be used to determine the appropriate range in k to search in. The numerical calculations described above are only performed for p values where the wave is unstable.
Evolution of the runaway distribution
The numerical simulation of the quasi-linear interaction of the whistler wave and the runaway electron distribution reveals an interesting dynamics. The plasma parameters used in this simulation are typical post-disruption parameters for a pure deuterium plasma with B = 2 T, n e = 5 × 10 19 m −3 , T eV = 10 eV, E = 40 V m −1 , L r = 0.2 m. The top plots of figure 1 show the f (p , p ⊥ ) at two different times. Above the plots, the time from the destabilization of the most unstable wave is given. The bottom plots of figure 1 show the spectral energy of the whistler wave normalized to the level of thermal fluctuations W k (k , k ⊥ )/W k0 . The lines show the waves resonant to each p calculated with red colour for unstable waves with γ k > 0 and blue colour for stable waves with γ k < 0.
In the first time slice of figure 1 the diffusion in p ⊥ has just begun: a small dip in f (p , p ⊥ = 0) can be seen at the most unstable p resonance and a corresponding increase in f (p , p ⊥ ) for p ⊥ larger that a critical value. The rate of diffusion has not even reached its maximum, as the waves with maximum energy are still unstable, but the stabilizing effect of the isotropization of the runaway distribution function is already visible: there are already stable regions at the borders of the k region with
The second time slice plotted in figure 1 shows the effect of stabilization due to the broadening of the runaway distribution function in p ⊥ . For the p values resonant to the most unstable waves, the diffusion process is mostly finished, and the resonant waves are stable in the whole k region. This stabilization of the whistler wave results in a region of small ∂f/∂p ⊥ . This region is expanding, as waves resonant to the p values of its boundaries get unstable. The picture presented in figure 1 proved to be only the first phase of the interaction. As the diffusion process was still affecting the distribution function in the time range of decreasing, but still significant, wave energies, the whistler wave was stabilized somewhat beyond marginal stability, but an increasing number of runaway electrons can destabilize the wave again. This increase of the number of runaway electrons is due to the ongoing avalanche process and is taken into account by allowing the n r runaway density to grow according to (5) . This second phase of the quasi-linear diffusion is introduced in figure 2 .
The first time slice plotted in figure 2 shows, that just before the total disappearance of the whistler wave resonant to p values already affected by the first phase of diffusion, the wave is destabilized again. The second time slice of figure 2 shows the formation of a second plateau in the distribution function, which is even flatter in p ⊥ , than before.
In the above calculations we neglected the k v ⊥ ∂f/∂p in the operator (9) as compared with ∂f/∂p ⊥ . This was confirmed numerically, in all the studied cases, where the term containing the parallel derivative was inferior to the other by many orders of magnitude. For the relativistic tail of runaways, the assumption γ ≈ p is justified and the numerical calculations have been run only as long as the assumption p ⊥ p was valid. The numerical calculations confirm that the assumption k k ⊥ is valid. 
Scaling of characteristic quantities with plasma parameters
The numerical model can be used to investigate how the evolution of the instability depends on plasma parameters such as magnetic field strength B, background plasma density n e and background plasma temperature T = T e = T i . Table 1 summarizes the critical runaway fractions required for the first destabilization of the whistler waves n r1 /n e , the change in the runaway fraction resulting in the second destabilization (n r2 − n r1 )/n e and the time required for this change t 2 − t T eV = 10 eV is the reference scenario presented in section 5.2. In the other parameter sets just the parameter marked in the first column of the table differs from the standard one. Figures 3, 4 and 5 show the runaway electron distribution functions and wave energies just before the time of destabilization of the second phase of whistler waves for different plasma parameters. This makes it possible to compare the characteristic time-scales of the processes in different conditions. The middle plots in all these figures show the reference scenario presented in section 5.2.
Magnetic field.
Scaling of the characteristic quantities of the quasi-linear interaction with the magnetic field B can be analysed based on figure 3 and table 1. Figure 3 suggests that the process changes very little as the magnetic field strength is changed. The p value resonant to the most unstable wave increases only slightly due to the increasing magnetic field, and the width of the affected p region remains approximately the same. The maximum spectral energy of the whistler wave is also just slightly higher at higher B, but the instability clearly moves to higher k and lower k ⊥ values with increasing B. The factor k 2 ⊥ is important in the expression of ζ , which is responsible for the stabilization of the wave with broadening runaway distribution function in the expression for the linear growth rate (24). This has the effect that at higher B, with lower k ⊥ , more deformation of the runaway distribution function is needed for stabilization, which can indeed be seen in the top plots of figure 3 . This might suggest that the isotropization of the distribution function is more effective for higher magnetic field, but from table 1, it is clear that the whistler wave is destabilized at much lower runaway fractions n r1 /n e for lower B, and the increase of the runaway fraction necessary for the destabilization of the second phase (n r2 − n r1 )/n e is also lower for low B. The time elapsed between the two phases of diffusion t 2 − t 1 is similar only because the growth rate of the runaway electrons is higher at higher runaway fractions according to (5) . 
Background density.
Scalings with the background plasma density n e can be derived mainly from figure 4. The changes in the wave-particle interaction process with changing density are really pronounced. The p value resonant to the most unstable wave is significantly lower with increasing density and the affected p region shrinks. Both components of the wave number (k and k ⊥ ) increase with n e , making stabilization due to isotropization more effective and resulting in lower maximum spectral energy and smaller diffusion effect for high n e . Table 1 shows that the whistler wave destabilizes at lower n r1 /n e making the process more effective at higher n e , despite the trends above. This case (n r2 − n r1 )/n e is so much higher at lower n e , that higher growth rate of the number of runaway electrons (24) cannot compensate for it, and t 2 − t 1 shows the same trend. All these changes can be explained with the effect of the convective damping term γ v = v 2 A k /2ω ci L r in the numerical calculation. At low n e this term can be strong enough to be comparable to the collisional damping γ d and it causes a shifting of the resonant p , as well as a change of n r1 /n e .
Background temperature.
The background plasma temperature T enters into the set of equations through the collisional damping term γ d in the linear growth rate, which is much more effective at lower T . Scaling with temperature is seen in figure 5 . The affected p region is located at slightly lower electron energies and is narrower at lower T . The k values of the resonant waves decrease slightly with increasing resonant p due to the resonance condition, while k ⊥ remains approximately the same. As k 2 ⊥ determines the rate of stabilization as an effect of isotropization, the maximum spectral energies and the relative effect of the diffusion have similar magnitude in the three cases. Table 1 shows that destabilization of the whistler wave needs larger runaway fraction n r1 /n e for low temperature. Increase of the runaway fraction required for the second phase of destabilization (n r2 − n r1 )/n e is also larger at low T . However, the required larger (n r2 − n r1 )/n e is compensated by higher growth rate (24) and t 2 − t 1 proves to be smaller at lower T . 
Conclusions
For a given temperature and runaway fraction, if the magnetic field is below a critical value, the whistler wave can be destabilized by relativistic secondary runaway electrons. This mechanism offers a possible explanation for why the number of runaway electrons generated in tokamak disruptions depends on the strength of the magnetic field. The dynamics of the wave-particle interaction can be modelled by the quasi-linear diffusion equation for the runaway electron distribution function coupled to an equation for the linear growth of the whistler wave. This quasi-linear analysis shows that the main result of the instability is a rapid pitch-angle scattering of the runaway electrons and isotropization of the runaway velocity distribution function. As the main driving term ∂f/∂p ⊥ becomes smaller, the whistler wave will be marginally stable (γ k 0), but as the runaway density increases due to collisional processes, the wave will be destabilized again, which will lead to further velocity isotropization.
The whistler wave is destabilized at much lower runaway fractions for lower magnetic field. Although the time delay between the consecutive stable and unstable periods do not change as the magnetic field changes, for lower magnetic field, also the second, third (and so on) instabilities require lower runaway fractions.
The whistler wave induced isotropization is less effective for lower plasma background density, due to the fact that the convective damping is strong enough to be comparable to the collisional damping. The threshold for the instability is significantly affected also by the plasma temperature. Lower runaway fractions are needed for destabilization in plasmas with high temperature, since the collisional damping is lower then.
The runaway current density for destabilization can be estimated using (10) to be j r = n r ec > n e ecZ 2 B T /20T 3/2 eV . For typical post-disruption plasmas of JET [13] , with plasma density n e = 4 × 10 19 m −3 , magnetic field B = 2 T, plasma temperature T e = 20 eV, the threshold runaway current density is j r 2 MA m −2 for Z = 1, which is of the same order of magnitude as the observed one. If the magnetic field is higher, for the same runaway current density, plasma density and temperature, the whistler wave is stable, and it cannot stop the runaway beam formation. For ITER, the threshold runaway current density is expected to be higher due to a higher plasma density and magnetic field. This means that for the same post-disruption temperature, but magnetic field B = 5 T and plasma density n e = 10 20 m −3 , the runaway current density threshold that is necessary for destabilization of the whistler wave will be j r = 12.5 MA m −2 . This is an order of magnitude above the expected runaway current density, even if the post-disruption current due to runaways is predicted to be more peaked than the thermal pre-disruption current, and the central runaway current density can become very high [9] . Note that the threshold is very sensitive to the post-disruption temperature and therefore it is difficult to make reliable quantitative predictions without knowing the final temperature. However, if the plasma parameters are such that the whistler wave is destabilized, the time-scale of the isotropization is of the order of 10 −5 s and should lead to a rapid quench of the resonant part of the runaway beam as soon as the secondary runaway production sets in.
